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K-essence models, relying on scalar fields with non-canonical kinetic terms, have been proposed as 
an alternative to quintessence in explaining the observed acceleration of the Universe. We consider 
the use of field redefinitions to cast k-essence in a more familiar form. While k-essence models 
cannot in general be rewritten in the form of quintessence models, we show that in certain dynamical 
regimes an equivalence can be made, which in particular can shed light on the tracking behaviour 
of k-essence. In several cases, k-essence cannot be observationally distinguished from quintessence 
using the homogeneous evolution, though there may be small effects on the perturbation spectrum. 
We make a detailed analysis of two k-essence models from the literature and comment on the nature 
of the fine tuning arising in the models. 



PACS numbers: 98.80.Cq 



I. INTRODUCTION 



One of the greatest challenges in modern cosmology is 
understanding the nature of the dark energy responsible 
for the observed acceleration of the present Universe . 
A popular framework, known as quintessence, involves 
scalar field models in which the field slow-rolls down a 
potential, with its potential energy acting analogously 
to that of early Universe inflation Q models. How- 
ever, recently a second possibility, that of an effective 
scalar field theory described by a Lagrangian with a non- 
canonical kinetic term, has also been proposed. Such a 
model may lead to early time acceleration, where it is 
named k-inflation 0, or acceleration in the present 
Universe under the name k-essence 0, ■ It is worth 
noting that tachyon dark energy models [Jj may be seen 
as special cases of k-essence. 

Allowing the dark energy to be dynamical provides an 
opportunity to study the so-called coincidence problem, 
which asks why dark energy domination begins just at 
the epoch when we cosmologists exist to observe it. Tra- 
ditional quintessence models appear promising in this re- 
gard, as they can support scaling or tracking solutions, 
in which the scalar field energy density follows that of 
the dominant source of matter Q. Unfortunately, these 
models require a fine-tuning of parameters, making them 
not particularly more attractive than a pure cosmological 
constant in the cases considered so far. Alternatively, a 
class of k-essence models Q, II] has been claimed to solve 
the coincidence problem in a generic way; after a long 
period of perfect tracking, the domination of dark en- 
ergy is triggered by the transition to matter domination, 
a time period during which structures — and cosmol- 
ogists — can form. Therefore, it is important to un- 
derstand the extent to which these models differ from 
quintessence models. In particular, one would like to un- 
derstand whether these models suffer from the same sort 
of fine tuning issues as quintessence, and also whether ob- 
servations can differentiate between the two models. We 
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will address this question by employing field redefinitions 
which allow k-essence models to be recast in a form simi- 
lar to quintessence, though we stress immediately that in 
general the two ideas are distinct and it is not possible to 
write an arbitrary k-essence model in quintessence form. 

Throughout this article a prime denotes a derivative 
with respect to the argument of the function to which it 
is applied, and a dot denotes a derivative with respect to 
time. 



II. K-ESSENCE 

To begin with, we wish to be absolutely clear in our 
terminology. Although the literature contains different 
usages, particularly of the word quintessence, it is im- 
portant that our own usage be unambiguous. We will 
use the word 'quintessence' exclusively to refer to mod- 
els which feature a single scalar field with a canonical 
kinetic term (whereas in some other papers the defini- 
tion of quintessence is so general as to include k-essence 
within it). 

We now introduce the k-essence model. Neglecting for 
now the part of the Lagrangian containing ordinary mat- 
ter, the action for a k-essence field <f> is given by 



16n 



(1) 



The 



where we assume K(<f>) > and X = iV^(/>V M </>. 
name of the model suggests that the field should be 
driven only by its kinetic energy. For that to be strictly 
true one should impose p(0) = 0, otherwise that term 
could be separated as a potential term independent of 
Vfj,<f>. Indeed, for sufficiently small X, one could even 
write p(X) p(0) + p'(0)X and, after field redefinition, 
obtain a canonical scalar field with a potential. However 
this condition is not imposed in most k-essence papers, 
e.g. Refs. 0,0 , and we will not impose it either. 
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In order to be even more general, one may include 
a separate potential term £/(</>) in the Lagrangian, now 
setting p(0) = 0] . Obviously, this model includes the 
one given by Eq. . We give an extension of our results 
to this more general possibility in the appendix. 

Now, we recall some properties summarized in Ref. jjjjj . 
Using the perfect fluid analogy, the pressure and the en- 
ergy density are given by 



the Euler-Lagrange equation for the k-essence field is 



where 



p = K(</>)p(X), 
e = K(<p)e(X), 

e(X) = 2Xp'{X)-p(X). 



The equation of state parameter is given by 

p{X) _ p{X) 
e(X) 2Xp'(X)-p(X)' 



w k 



while the effective sound speed is given by 



c sk 



p'{X) 



e'{X) p'(X) + 2Xp"{X) 



(2) 
(3) 

(4) 
(5) 

(G) 



This definition comes from the equation describing the 
evolution of linear perturbations in a k-essence domi- 
nated Universe [f| , and therefore is relevant when study- 
ing the stability of the theory. We note, however, that, 
as shown in Ref. , c 2 k > is not a sufficient condition 
for the theory to be stable. It is important to notice that 
the effective sound speed is not always equal to 1 , as it is 
in quintessence models. Therefore, the behaviour of per- 
turbations in this case is genuinely different from that in 
the case of canonical scalar fields and this difference may 
be observable 01 ■ Also, note that the definition given 
in Eq. JfJJl is different from the thermodynamic definition 
of the isentropic sound speed 



= ( Hit] = t 
de) s e 



(7) 



As explained in Ref. [13, the difference arises from the 
fact that "a well-defined concept of sound speed does 
not exist for classical scalar fields" and therefore their 
density perturbations behave quite differently from the 
usual hydrodynamic case. 

Although models with negative energy density, super- 
negative or diverging equation of state and/or imaginar 
or diverging sound speed have been studied, e.g. Refs 

, it is possible to restrict the class of models by impos- 
ing one or more of the following independent constraints: 



e > =*> 2Xp'(X) > p(X) , 
w k > -1 => e{X)p'(X) > 0, 

c; 



(8) 



From the action Eq. 
Robertson- Walker metric 



2Xp"{X)p'{X) > -p' 2 {X) . 

||TJ, in the case of a flat 



ds 2 



-At 2 + a 2 (t)dx 2 



(9) 



e'(X)4> + 3Hp\X)<p- 



K '^i(X) 



0, (10) 



where H = d/a. We see that if s'(X) = at some X c , 
so that c 2 k diverges, the equation is singular and reduces 
to a first-order equation which gives a constraint on cf>. 
Some problems may arise at this singularity, but we leave 
this issue for future investigation. In any case, regions 
separated by a diverging sound speed are disconnected 
and may be considered as different models. In each such 
region the Euler-Lagrange equation may be rewritten as 



. + 3tfc 2 k (X)</) + 



K'{4>) e{X) 
K{<j>) i'(X) 



= 0. 



(11) 



Finally, note that, for models in which p{X) is analytic 
and equal to at the origin, then if p'(X — 0) < the 
function e(X) must be negative for some X. Given that 
p(X) is analytic at the origin, we then have 



p(X) = - Pn X n + 0(X n+1 ), 



which implies 
e(X) 



-p n (2n-l)X n + 0{X n+i ) 



(12) 



(13) 



with n a positive integer and where p n > is the first 
non-zero co-efficient. Hence e < for some range of X. 

In the models described in Ref. 0, P(X) is negative 
for small X and therefore, if p(Q) = then p'(X) must 
be negative close to the origin. Hence e(X) < over 
some range of A. As a result, for these models, if one 
imposes e(X) > and the analyticity ofp(A) at the ori- 
gin, then p(0) must be non-zero and, as explained above, 
this implies that one has, in effect, introduced a potential 
term. 



III. DYNAMICAL EQUIVALENCE 

In this section we present a model which is dynamically 
equivalent to the k-essence model. Consider a new action 



K{<P)[p{x) + (\v^^-x)p\x) 



(14) 



in which we have introduced a field x, which acts like a 
Lagrange multiplier. The variational principle with re- 
spect to x gives 



fix) (x-£v^w) =0, 



(15) 
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and therefore — as long as p"(x) 7^ — the action 
Eq. (till is dynamically equivalent to Eq. Q). Note, how- 
ever, that, when quantized, the theories will no longer be 
equivalent. Now perform a field transformation 



Q= [* y/K(a) da, 



(16) 



which leads to 



16tt 



p'(x) 



v (1 qv' 1 q + v(Q)[p(x)-xp'(x)] 



(17) 



where V(Q) = K[<p(Q)]. From now on, for simplicity, 
we assume that p"(X) has a constant sign, although this 
is not a particularly strong assumption. This allows us 
to define a new field by computing a modified Legendre 
transformation 



ip = P'ix) > 
w(i>) = xP'ix) - p(x) » 



(18) 
(19) 
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This action is very simple, but contains a non- 
dynamical field ip coupled non-canonically to a canonical 
scalar field Q. Clearly, if we impose e > 0, then the con- 
dition Wk > — 1 implies that ip is positive, and therefore 
that the kinetic term has the canonical sign. In the op- 
posite case, the kinetic term has the sign of the phantom 
model introduced by Caldwell [14j|. 

For the flat Robertson- Walker metric ©, the energy 
density and pressure of this two-field component of mat- 
ter are 



PQip 



V{Q)WW), 
Cf-V{Q)W^). 



(21) 
(22) 



The Euler-Lagrange equation for Q is given by 



ipQ + (3Hil> + ip)Q + V'(Q)W(<ilj)=0, (23) 



and the constraint equation for ip is given by 
W) 2V(Q) 



(24) 



If tp is positive and remains almost constant, the field 
Q plays the role of a canonical scalar field. Indeed, by 
renormalizing Q as Q — we obtain an (almost) 

equivalent quintessence model which should mimic the 



k-essence field during the time period for which the as- 
sumption of approximately constant tjj holds. If this is the 
case when k-essence starts dominating, it will not be pos- 
sible to distinguish it observationally from a quintessence 
field, unless one takes into account perturbations. As de- 
scribed in Refs. 0, Q, 111 the k-essence field can undergo 
several attractor regimes during which its kinetic energy 
remains constant. Hence, ip is indeed constant over those 
periods of time. Thus, during some time periods, the ho- 
mogeneous part of the k-essence field will behave exactly 
like a quintessence field. 



IV. EXAMPLES 

In this section we study two examples of k-essence 
models. We first study the model described in Ref. 
and given by 



K{cj>) 



P(X) 



{- 

\mpi 



Pn 



X 



X 



(25) 



(26) 



It is easy to check that this is a rather unconventional 
model; for some ranges of X we can have e < 0, < — 1 



or Cg k < 0, and Wk and c^ k diverging at X v 



pi 



/3 



(20) and X c — respectively. Nevertheless, this model 



features an interesting behaviour — in the presence of 
a dominating fluid with equation of state parameter Wf 
there exists a stable scaling solution for which X is con- 
stant and 



(1 + W{)a 
= 1 



(27) 



Using the transformation described in the last section, 
we find 



V(Q) = (p/af 



mpi 



-0 



where 





w(i)) 



2a 
2-a 
Po 

4 

m Pl 



2x_ 

4 

m P1 



Po) 2 



4P 



(28) 

(29) 
(30) 

(31) 



Provided that X is constant during the scaling regime 
(so that t/j is constant), the k-essence field behaves like 
an inverse power-law quintessence field in its well-known 
tracker regime. The transformation described in Sec- 
tion IIIII allows us to find the appropriate power. We 
normalize the kinetic term and obtain 



(32) 
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FIG. 1: Top panel: Evolution of tj) for the first example of 
a k-essence field described in Section llVl in a cosmologically 
realistic case and with a = 2/3. Note the transitions from 
radiation domination to matter domination and from matter 
domination to k-essence domination. Bottom panel: Evolu- 
tion of the equation of state parameter w for this field and 
for the almost equivalent quintessence field, that is to say an 
inverse power-law model with = 1. 



where V = ^ /2 (/V a )^Wpi + Pq) 2 /^Pq- Obviously, 
as soon as the scaling solution is modified (for instance 
at matter-radiation equality) ip evolves until the k- 
essen.ee field enters a new scaling solution with a new 
quintessence-like behaviour. In Fig. ^ we show the evolu- 
tion of -0 for a cosmologically-realistic model, and also the 
evolution of the equation of state parameter w for the k- 
csscncc field and for the almost equivalent quintessence 
model. The value of Vo has been chosen so that both 
models yield the same value of the equation of state pa- 
rameter in the present epoch. Clearly, as long as ip does 
not remain exactly constant, the equivalence is not per- 
fect and therefore the two models may in principle be 
distinguished from one another. However in practice we 
see in Fig. that the evolution of w is almost exactly the 
same in the two cases out to high redshift. 

As a second example, consider the model described in 
Ref. given by 



K{cj>) 



M 



(33) 



and 



p(X)=M 1 -2.01 + 2d I + A/M 4 

+ 3 x 10- 17 (A7M 4 ) 3 - 10- 24 (A7M 4 ) 4 



(34) 



where M = v/3/87rmpi. The constants appearing in 
this expression are very specific, and it may be that there 
are simpler versions, but so far this is the best example 
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FIG. 2: Evolution of ijj for the second example of a k-essence 
field described in Section lTVI m a cosmologically realistic case. 
The dramatic change in ip is triggered by the transition from 
radiation domination to matter domination. 



that we know of in the literature that features an inter- 
esting property: the transition between an exact tracker 
regime and the domination of the k-essence field is trig- 
gered by matter-radiation equality and therefore, in a 
sense, the coincidence problem is solved. Again, for some 
ranges of X, contrary to what is assumed in the first part 
of Ref. 0|, we can have e < 0, lUk < — 1 or 
Wk and c 2 k diverging at X — X w 

X = X c w 1.6 x 10 7 Mq respectively. Nevertheless, as 
long as we take X < X c , we have e > 0, > — 1 and 
c 2 k > and, as explained in Section^ we know that the 
field cannot cross this boundary. 

Using the transformation described in Section II I II we 
find 



c 2 k < and 
2.1 x 10 7 M^ and 



V(Q) 



-2Q 



(35) 



1.6xl0 6 M n 4 



Note that, since p"(X) changes sign at X 
and X ps 1.5 x 10 7 Mq, the Legendre transformation de- 
scribed in Section ITTT1 cannot be computed. Nevertheless 
we still define ip as p'(X), though W can no longer be 
expressed as a function of ip. 

We have performed a numerical simulation in order 
to reproduce the result given in Ref. pj, that is to say 
a stable scaling solution during radiation domination 
which then evolves to k-essence domination after matter- 
radiation equality. As an aside, we find that the basin 
of attraction of this solution does not seem to be very 
large. Indeed, random initial conditions, even with a sub- 
dominant k-essence field, almost never lead to the desired 
solution, but instead to an early period of k-essence dom- 
ination, or in some cases the solution even ceases to exist 
when, after a finite time, it reaches the singularity X c . 
However we will not pursue this further here, but leave 
it for a future investigation. 

In Fig. |21 we show the evolution of ip for this model. 
Clearly tp is almost constant during radiation domina- 
tion, then evolves to another constant soon after matter- 
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FIG. 3: Evolution of the energy density of radiation, dust-like 
matter and the second example of a k-essence model studied in 
Sect ion ITV1 We also show the evolution of the energy density 
for two exponential quintessence models (ai ~ 5.8 mp* and 
OL2 ~ 72.8 wipj 1 ) and for the double exponential quintessence 
model obtained by adding both potentials. 

radiation equality, remaining nearly constant even during 
the transition to k-essence domination. Consequently, we 
know that during these two time periods the k-essence 
field behaves like a quintessence field. Renormalizing Q 
in order to have a canonical kinetic term, we find two 
exponential potential quintessence models given by 

V(Q) oc exp(-a l Q) (i = 1 or 2) , (36) 

with ai w 5.8 TOpj 1 and ui « 73 m^, which mimic the k- 
essence field during the two time periods described above 
respectively. 

In order to mimic the k-essence field during these 
two time periods with only one quintessence model one 
may add both potentials to obtain a double exponential 
quintessence model |l5j . In this case we have normal- 
ized the potential to fit the late-time behaviour of the 
k-essence field. The evolution of the energy density for 
all these models is shown in Fig. 01 and it is evident that 
the quintessence models closely mimic the k-essence field 
while ip is constant. Moreover, as expected, the double 
exponential model allows us to mimic the k-essence field 
for early times as well as for the late-time evolution of 
the universe. 

In Fig. 0] we reproduce the plots shown in Ref . , 
adding the quintessence models described here. Again, 
the quintessence models very closely mimic the k-essence 
model during the period for which they are equivalent; 
for instance the second exponential potential model gives 
indistinguishable evolution of pk/ p m and w back to red- 
shifts of several hundred (though note that this potential 
does not exhibit tracker behaviour). Accordingly, ob- 
servations studying the homogeneous evolution, such as 
supernovae observations, are not able to distinguish be- 
tween such models. For the double exponential model, 
the mimicking is not perfect during the recent past and 
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FIG. 4: Evolution of the equation of state (top) and the ra- 
tio pk/Pm (bottom) of the k-essence field as shown in Ref. Q. 
The quintessence fields plotted in Fig. [3] are also shown, with 
the linestyles having the same meaning. 



therefore one might be able to tell the difference. 



V. DISCUSSION 

Quintessence and k-essence are two attempts to ex- 
plain, in terms of scalar fields, the current observation 
of an accelerating universe. Although they are similar 
in that they both involve the dynamics of light scalar 
fields, they differ in that quintessence relies on precise 
functional forms for the potential of the field, whereas k- 
essence derives its particular behaviour from the presence 
of non-canonical kinetic terms associated with the field. 
Given that both models attempt to explain the same ob- 
servations, and that both models involve evolving scalar 
fields, a natural question that arises is whether it is pos- 
sible to write one model in terms of the parameters of 
the other. In regimes where the effective equation of 
state parameter for the k-essence field becomes less than 
-1, such a relationship is not possible whilst maintaining 
conventional canonical kinetic terms for the quintessence 
fields, but for greater than -1 such equivalences may 
exist. 

In particular, in this paper we have addressed this 
question by attempting to rewrite k-essence models in 
terms of quintessence potentials, relating the two sets of 
fields through field redefinitions. Our results are intrigu- 
ing; we have found a dynamically-equivalent action which 
has similarities with a canonical scalar field action and 
may be easier to study. We have examined two cases 
from the literature, and shown that during some regimes 
the homogeneous part of the k-essence field can behave 
exactly like a quintessence field, and have obtained exact 
equivalences in those cases. 

It could well prove impossible to differentiate between 
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the two models, quintessence and k-essence, by measur- 
ing the evolution of the equation of state parameter. To 
distinguish between the models, it appears necessary to 
combine such studies with searches for subtle effects on 
the perturbations from the different sound speed in the 
two models Ilia. 
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APPENDIX A: EXTENSION TO K-ESSENCE 
MODELS WITH A GENERAL POTENTIAL 



and the constraint equation for tp is still given by 

Eq. fZQ. 

Canonically normalizing Q via Q = y/\ip\Q, the equa- 
tion of motion for the field Q is then 



0. 



Q + 3HQ ± V\Q)W(ifi) ± U'(Q) 

_ 3HQt]j QjP_ _ W _ 
2V> + ~W ~ 2^ ~ 

where "±" stands for the sign of ip and 

V(Q) = V(Q/JW\), 
U(Q) = U(Q/^/W\). 
In addition, the constraint equation transforms to 



(A9) 



(A10) 
(All) 



2\^\W'(i,)V(Q) 



0. (A12) 



In the limit in which the approximation tjj sa constant 
applies, the equation of motion becomes 



In this section, we briefly extend our discussion to a 
more general model 01 given by 



S 



107T 



(Al) 



where we assume K((f>) > 0, p(Q) = and X = 
iV M 0V M 0. The pressure and the energy density are 
given by 

p = K(<p)p(X) - tJ{<t>) , (A2) 
e = K{<t>)e{X)+U{cj>), (A3) 

where e(X) is still defined by Eq. (0J. As usual, the 
equation of state parameter is given by = p/e and 
the sound speed is still defined by Eq. ©. 
Now, we consider the action 



(A4) 



+ (^^^-x)P , (X)\ - U{<j>) 

and, using a method similar to that in Section ITiTI and 
defining U(Q) = U[(j)(Q)], it is possible to find an equiv- 
alent model described by the action 

2 



S 



d 4 x 



-fj 



16?r 



V M QV M Q - V(Q)W(ip) ~ U(Q) 



(A5) 



The dynamical equations resulting from this action are 
PQ4> = tQ 2 + V(Q)W(i;) + U(Q), (A6) 



1p ■ 2 

PQi> = -^Q 



V{Q)W{iP) - U{Q) . (A7) 
The Euler-Lagrange equation for Q is given by 
tpQ + (3ff^> + 4>)Q + V'(Q)W(ip) + U'{Q) = , (A8) 



Q + 3HQ ± V'{Q)W{ip) ± U'(Q) = , 



(A13) 



and the constraint equation simplifies significantly to be- 
come 



2 W'i^ViQ) = 0. 



(A14) 



Thus, even in this extended class of models, if ip remains 
constant during some time period, the dynamics will be 
equivalent to that of a quintessence model or a phantom 
model for this period. 

As a simple example, consider the k-essence example of 
Ref. [13, in which the equation state w < — 1 is obtained. 
This has p(X) — P [exp(— aX/m^) — l] , where a > 
and Pq > 0, and unspecified functions for K{4>) and 
U(<p). This means that the translation to our new action 
is effected by 



W(i/>) 



aPo , , 
— exp {-ax/m 



'pi 



Po 



1 - In 



aPn 



(A15) 
(A16) 



Note that — aPo/m^ < ip < so that this model does 
indeed correspond to ro < —1. The condition that the 
energy density be positive becomes 



mm 

V(Q) 



> 



2 In - 



aPo 



- 1 



-Pn 



(A17) 



Further, a necessary condition for stability of the theory 
is that the sound speed be positive c 2 > 0. This condition 
becomes 



^<-^ exp (-1/2) 
m P1 



(A18) 



which is satisfied for X < X c = m P1 /2<x Therefore we 
assume the theory to be valid until some cut-off below X c . 
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